Abstract: We calculate probabilities of flavour violating processes mediated by KalutzaKlein modes of gauge bosons in a model where three generations of the Standard Model fermions arise from a single generation in (5+1) dimensions. We discuss a distinctive feature of the model: while the processes in which the generation number G changes are strongly suppressed, the model is constrained by those with ∆G = 0, for instance K → µ ± e ∓ . The bound on the size of the extra dimensions is 1/R 75 TeV.
Introduction.
In models with more than four space-time dimensions, some of long-standing problems of particle physics acquire elegant solutions (see Ref. [1] for a review). In particular, in the frameworks of "large extra dimensions" [2] , the models have been suggested [3, 4] and studied [5, 6] where three generations of the Standard Model fermions appear as three zero modes localized in the four-dimensional core of a defect with topological number three. When both fermions and Higgs boson are localized on the brane, the overlaps of their wave functions may result in a hierarchical pattern of fermion masses and mixings [7] . This occurs naturally in the models under discussion [3] . To incorporate four-dimensional gauge fields, a compactified version of the model has been developed [8] . There, fermions and scalar fields are localized in the core of a (5+1)-dimensional vortex with winding number three, and two extra dimensions form a sphere accessible for (non-localized) gauge bosons. The zero modes of the gauge bosons are independent from coordinates on the sphere, while higher modes have non-trivial profiles, and hence different overlaps with fermionic zero modes. Since in our model three four-dimensional families appear from a single sixdimensional generation, one can expect flavour violation in the effective four-dimensional theory. Here, we study the specific pattern of these flavour-violating effects, which could distinguish the models of this class from other extra-dimensional models by observation of rare processes at low energies.
In Sec. 2, we briefly review the model of Ref. [8] and discuss the decomposition of gauge fields on a six-dimensional manifold. The couplings of the gauge modes to fermions are calculated in Sec. 3 . We study specific flavour-violating processes in Sec. 4 and conclude in Sec. 5 with a description of signatures specific for the given class of models. In Appendices, the notations are summarized together with technical details and explicit formulae required for calculations.
Gauge bosons on
We study the model initially formulated in Ref. [3] and developed with a simpler field content in Ref. [4] . The model has been compactified on M 4 × S 2 , a product of our fourdimensional Minkowski space and a two-dimensional sphere, in Ref. [8] (see Appendix A for notations ) . In what follows we will argue that the choice of the manifold is not important for our principal conclusions. The extra dimensions can even be infinitely large, as, for instance, in Ref. [9] , where well localized gauge bosons zero modes appear. In this case, the role of the radius R of the S 2 sphere is taken by typical size of the localized gauge zero modes but not as a size of extra dimensions. The interaction of vector-like counterparts of the fermions of one Standard Model generation with the vortex field of an Abelian Higgs model results in k chiral zero modes of each fermion localized in the four-dimensional core of the vortex; k is the winding number of the vortex and is equal to three in our case. These three zero modes of a single six-dimensional fermion represent the corresponding four-dimensional fermions of three generations; the zero modes are linearly independent and hence have different windings in ϕ. Detailed descriptions of the model can be found in Refs. [3, 4, 8] , here we only outline the setup and introduce some notations.
The vortex is formed by a scalar field, which extends to a typical size Rθ Φ from the origin, and a gauge field of size Rθ A . Apart from these two fields whose non-trivial profiles have a topological origin, there is also the Standard Model Higgs doublet H which, due to the interaction with the vortex scalar field, also develops a non-trivial profile (see Ref. [10] ): it is non-zero inside the core of the vortex, and its vacuum expectation value vanishes in the bulk. The typical size of H is also Rθ Φ . Due to the interaction with H, the fermionic zero modes, whose size is Rθ A , aquire small (as compared to the energy scale of the vortex) masses. The hierarchical fermionic mass pattern is gouverned by a small parameter
In what follows we will also assume that θ Φ < θ A ≪ 1.
The gauge bosons of the Standard Model SU (3) × SU (2) × U (1) group do not interact directly with the vortex field. 1 The interaction of the SU (2) × U (1) bosons with the Higgs doublet H ensures the proper pattern of the electroweak symmetry breaking inside the core of the vortex, that is in our usual four-dimensional space.
Let us perform a Kaluza-Klein decomposition of a gauge field. We start with the U (1) gauge field A A whose action on M 4 × S 2 is
where
The separation of variables in the equations of motion is straightforward in the gauge
and results in the four-dimensional effective Lagrangian for the Kaluza-Klein modes,
1)
The only massless gauge field A µ , Kaluza-Klein vector fields A l,ν , A (l,m),ν and massive scalar fields B l , B l,m are defined in Appendix B. The massless mode A µ represents the four-dimensional gauge field which depends neither on θ nor on ϕ in our case.
We turn now to the non-abelian gauge bosons. For the unbroken gauge symmetry case, the quadratic Lagrangian of a non-abelian vector field reproduces Eqs. (2.1), (2.2). Nonobservation of Kalutza-Klein modes at colliders implies that the size R of extra dimensions should be significantly smaller than inverse Z-boson mass. This fact allows one to treat the electroweak symmetry breaking perturbatively. In this approach, the impact of the background Higgs field H(θ), which is localized in the core of the vortex (see Ref. [4] ) for details), on the eigensystem of gauge modes, is considered as a small perturbation compared to curvature of the sphere. We demonstrate in Appendix C that the lowest modes of W ± and Z bosons aquire proper masses in this way. The corresponding eigenfunction is no longer constant. However, since the Higgs background, H(θ), is independent of ϕ, the perturbed mode does not depend on ϕ as well. As we will see in Appendix D, it means that this mode does not mediate flavour-changing processes. Contrary to the unbroken case, the θ dependence of the lowest mode results in different couplings of the fermions of three generations to W ± and Z bosons, given different localizations of the fermions in extra dimensions. This effect, however, is suppresed as compared to the family nonuniversal interactions of fermions with non-zero modes of gauge bosons.
Coupling of gauge modes to fermions
The interaction of a six-dimensional fermion Ψ with the six-dimensional photon A A is determined by the following term in the Lagrangian,
where coordinate-dependent Dirac matrices Γ A (X) are defined in Appendix A. In the zero-mode approximation,
where a n (x), n = 1, 2, 3, are three four-dimensional two-component spinors which represent three generations of fermions with quantum numbers of Ψ (see Refs. [3, 8] for details). The functions f i are normalized as
It is important to note that the angular momentum in transverse dimensions (that is, the winding number of a wave function) corresponds to the number of generation: the index n in (3.2) enumerates the families. As a result, the latter is conserved in the first approximation (this symmetry is broken by the terms responsible for inter-generation mixing, see Ref. [4] ). As we will see below, this feature results in unusually strong suppression of many flavourviolating processes. The effective four-dimensional fermion-gauge Lagrangian is calculated in Appendix D. It can be conveniently rewritten as
and e ≡ e 6 √ 4πR
is the usual four-dimensional coupling.
The coupling constants E l,n−m mn are defined and estimated in Appendix D,
We see that the fermions have strongest couplings with the heavy modes with masses
The reason for this is obvious: modes with l ∼ 1/θ A have largest overlaps with fermionic wavefunctions which size is θ A (lower modes have larger width in θ while higher modes oscillate several times at the width of the fermions). We stress that this feature depends neither on details of localization of fermions and gauge bosons nor on the shape and size of extra dimensions.
The fermions a n which enter the current j µ and consequently appear in the Lagrangian (3.4), are the states in the gauge basis, while physically observed mass eigenstates are their linear combinations. In particular, the mass matrix of the fermions with quantum numbers of the down-type quarks is given [8] by
where [6] 
To diagonalize the mass matrix one should use biunitary transformations,
The fermions in the mass basis are
where we denoted a n as q n for left-handed and as d n for right-handed down-type quarks. If one rewrites the current j µ in terms of the mass eigenstates, then the matrix A µ , Eq. (3.5), should be replaced byÃ
Explicit expressions for S, T andÃ µ are given in Appendix E. The interaction of fermions with W ± and Z bosons is very similar to the electromagnetic couplings discussed above. There are two differences: firstly, the current j µ in Eq. (3.4) is replaced by the Standard-Model charged and neutral weak currents; secondly, the gauge eigensystem is modified as discussed in Appendix C. The latter modification does not change the results significantly: it is negligible for Kalutza-Klein modes and it does not result in flavour violation for the lowest mode.
To confront the model with the experimental results, one needs to calculate the effective four-fermion coupling g mn , that is, in each particular case, to sum up the contributions
for all l. A very naive estimate gives, using Eq. (3.6),
This result is supported by more explicit calculation given in Appendix F.
Flavour violating processes
We turn now to the study of specific flavour violating processes which are known to give the strongest constraints on masses and couplings of new vector bosons. The most stringent bounds will be found to arise [12] 
(see also Ref. [13] ) and from lepton flavour violating processes µ → eγ, µ → 3e and µ → e conversion on a nuclei. We discuss all these constraints below.
First of all, one should note that without account of inter-generation mixings, the generation number G is exactly conserved. Indeed, the integration over φ in the effective Lagrangian results in the corresponding selection rules: in Eq. (3.5), no vector boson has both diagonal and off-diagonal couplings simultaneously. This forbids all processes with nonzero change of G; the probabilities of the latters in the full theory are thus suppressed by powers of the mass-matrix mixing parameter, (ǫα) ∆G (α is determined in Appendix E). However, the amplitudes of processes with ∆G = 0 but lepton and quark flavours violated separately are suppressed only by the mass squared of the Kalutza-Klein modes. The best studied among these processes are kaon decays K 0 L → µe and K + → π + e − µ + , forbidden in the Standard Model with massless neutrinos because of separate conservation of e and µ lepton numbers 2 . In the rest of this section, we estimate, in the frameworks of the full theory with mixing, the size of flavour-violating effects for different values of ∆G. 2 Amplitude of the K 0 L → µe process due to non-zero neutrino masses is thirty orders of magnitude smaller than the best experimental limit [14] .
The K 0 meson is a pseudoscalar, and the decay cannot be mediated by purely vector interaction of the Kalutza-Klein modes of the photon. However, the higher modes of the Z boson interact with a V − A current and contribute to the decay width. From Eq. (E.1) one obtains, in particular, the dominant, unsuppressed by (ǫδ)
The diagrams for this and other processes are similar to those given in [2, 13] ; one has to sum over all intermediate Kalutza-Klein modes to obtain the effective four-fermion coupling in a way similar to Sec. 3 or Appendix F,
where ζ ≈ 0.4 is a coefficient which results from numerical evaluation of the sum. The partial width of the K 0 L → µe decay is easy to estimate by comparison to the branching ratio of K + → µ + ν: in the m e ≪ m µ approximation, the phase volume and f K factors cancel in the width ratio,
where τ (K 0 L ) and τ (K + ) are the lifetimes of the corresponding particles. The interaction responsible for the K + → µ + ν decay in the Standard Model is
where θ c is the Cabibbo angle, and results in the four-fermionic matrix element,
From Eqs. (4.1) -(4.3), one obtains the following bound on the size of the sphere,
where we used all necessary numerical values from Ref. [15] . In a similar way, the width of the decay K + → π + µ + e − can be compared to one of K + → π 0 µ + ν. The first decay can go through purely vector currents, so the relevant interactions are For the decay K + → π 0 µ + ν, the relevant interaction is given by Eq. (4.2), and the matrix element ūμν|s coincides with Eq. (4.3). Together with the limit [15] Br(K
this determines that
≈ 13 TeV, a constraint less restrictive than Eq. (4.4).
∆G = 1: lepton flavour violation.
As we have already noted, the processes with ∆G = 0 are suppressed by powers of the mixing parameter ǫα. Indeed, it follows from Eq. (E.1) that these processes could be mediated by "diagonal" vector bosons A µ l,0 , and each corresponding diagram contains one vertex suppressed by ǫα.
The analysis of the µ → eeē process is very similar to one of kaon decays. The interaction terms,
generate the matrix element and we denoted the parameters ǫ and α of the leptonic mixing matrix as ǫ L and α L . There is also contribution to this process (as well as to the µe-conversion discussed below) mediated by "off-diagonal" bosons A µ l,1 . The contribution has the same order (suppresed by ǫ L α L ) and the opposite sign. We do not suspect, however, that there is some cancellation of the diagrams, and, therefore, the matrix element (4.5) gives us a good estimate.
For comparison, we use the dominant muon decay mode µ → eνν; the corresponding interaction is g
and results in
From the limit Br(µ → eeē) < B 2 = 1.0 · 10 −12 , one obtains the following bound on R,
In the leptonic sector, the mixing parameter ǫ L is unknown; however even α L ∼ δ L ∼ (m e /m τ ) 1/4 results in additional suppression. Traditionally, one of the strongest constraints on the masses and couplings of new vector bosons arises from µe-conversion on nuclei. Let us show that, in our model, this bound is not so restrictive. The corresponding interaction reads
(we skipped the axial part of quark couplings because it is not amplified by coherentness). Adopting the calculation of Ref. [16] to our case, we estimate the relative muon conversion rate on a nucleus with charge Z and neutron number N as
For the titanium nuclei [16] , the muon capture rate Γ capt ≈ 2.6·10 6 s −1 , the effective charge Z eff ≈ 17.6, the nuclear form factor |F (q)| ≈ 0.54, Z = 22, N = 26 and the strongest limit [15] is
We obtain the constraint on R and (ǫ L A L ) from the non-observation of µe-conversion on nuclei,
The bound from µ → eγ decay is further suppressed by a loop factor.
∆G = 2: kaon mass difference.
Non-universal couplings of the gauge bosons would contribute also to the mass difference (m K L − m K S ) which was measured with a good accuracy. In our case, however, this contribution is suppressed. Indeed, the relevant interaction reads
where the last row represents the interaction with the Kalutza-Klein modes of the gluon. The latter contribution dominates over the former two because of larger coupling g s . Following Ref. [17] , we estimate the contribution to ∆m K from the exchange of the higher modes of the gluon field as
where the matrix element was estimated in the vacuum insertion approximation (see Ref. [18] and references therein). We note that, besides the expected suppression (ǫ d α d ) ∆G , an additional one arises in the four-fermionic interaction because E l,0
22 (as is shown in Appendix D, E l,m−n mn depends, in the first approximation, on |m − n| and not on m and n separately). In the second approximation, in a way similar to Sec. 3 or Appendix F, one obtains
For g s ≈ 1.1 and all other parameters from Ref. [15] , we obtain the following limit on R,
Note that the actual limit is even less stringent since we took ∆ ′ m K < ∆m K bound while the observed value of ∆m K is well accounted for by the Standard Model physics.
Conclusions
The model with a single generation of vector-like fermions in six dimensions allows one to explain fermionic mass hierarchy without introducing a flavour quantum number: three families of four-dimensional fermions appear as three sets of zero modes developed on a brane by a single multi-dimensional family while the fermionic wave functions inevitably produce a hierarchical mass matrix due to different overlaps with the Higgs field profile. The six-dimensional Lagrangian with one generation contains much less parameters than the effective one. All masses and mixings of the Standard-Model fermions are gouverned by a few parameters of order one. This fact allows for specific phenomenological predictions. In particular, in a compactified version of the model with non-localized gauge fields, the Kalutza-Klein modes of the vector bosons mediate flavour-violating processes studied in this paper. The pattern of flavour violation is distinctive: contrary to other extra-dimensional models, processes with change of the generation number G by one or two units are strongly suppressed compared to other rare processes. For example, Br(µ →ēee)/Br(K → µ ± e ∓ ) ∼ 1/700. The strongest constraint on the model arises from non-observation of the decay K → µ ± e ∓ ; it requires that the size of the extra-dimensional sphere (size of the localized gauge bosons) R satisfies 1/R 75 TeV. The Kalutza-Klein modes of vector bosons have larger masses, but for the case of R is large enough, could be detected indirectly by precision measurements at future linear colliders. A clear signature of the model would be an observation of K → µ ± e ∓ decay without observation of µ →ēee, µ → eγ and µe-conversion at the same precision level.
where the sechsbein in our case is given by
and flat space 8 × 8 Dirac matrices are
where σ µ = (1, σ i ),σ µ = (1, −σ i ), and σ i (i = 1, 2, 3) are the Pauli matrices.
B. Decomposition of the gauge field.
After separation of variables, the six-dimensional U (1) gauge field A A is decomposed as
where Y lm (θ, φ) are properly normalized,
spherical harmonics,
and P m l (x) are adjoint Legendre functions.
C. Electroweak symmetry breaking.
In the six-dimensional theory, only one scalar field, H, is charged under the electroweak group [4] . The soliton-like solution for the Higgs-vortex system breaks the electroweak symmetry, and non-zero values of four-dimensional masses of W and Z bosons arise. The classical Higgs profile is independent of ϕ, so the lowest modes of massive gauge bosons in the background of the soliton do not depend on ϕ as well. As a result, the Z boson itself does not mediate flavour changing processes. The masses of the lowest modes can be calculated by means of the perturbation theory in a small parameter g 2 . In the zeroth approximation, the eigenfunctions are constant zero modes of the Laplace operator, equal to
. The first-order correction to the Lagrangian is
where H(θ) is the configuration for the Higgs field [8] , which can be approximated by a step of width θ φ . If we denote R 2 dθ sin θdϕH 2 (θ) = v 2 /2, the usual masses for gauge bosons arise as square root of corrections for eigenvalues,
where g, g ′ = g 6 / √ 4πR and v are electroweak constants of the Standard Model. So, the result for masses of the gauge bosons is reproduced if
at R ∼ 100 TeV and θ Φ ∼ 0.01. The first correction to the profile of the Z-boson mode is
The last approximation can be obtained in the same way as in Appendix D. In spite of V 0l has maximum at l ∼ 1/θ Φ , V 0l /l(l + 1) is 1/l 3/2 , and, therefore, the sum (C.1) is saturated by the lightest modes. Thus, the Z-boson mode has small, order of
θ-depending correction. At this level one could expect family non-universal couplings of the fermions with the Z boson. However, this non-universality is also generated due to an interchanging by non-zero modes of photons or (and) Z bosons. One can easily estimate the latter in a way similar to Appendix D, and finds it at the level of
Therefore, we do not take into account the non-trivial profile of Z-boson mode and treat it as a constant. 
ρ mn e iϕ(m−n) j µ mn , where
and the four-dimensional Dirac matrices are
ψ n (x) = (a n (x), b n (x)) T . We see that the zero fermionic modes do not interact with the scalar fields B l , B lm , while their interaction with the vector Kalutza-Klein tower is given by To estimate E l,m−n mn , we note that f i are localized in the region θ < θ A , where θ A is the size of the gauge field which forms the vortex. We are working in the regime 0 < θ Φ < θ A < θ Ψ ≪ 1, where Rθ Φ is the size of the vortex on which fermions are localised and (Rθ Ψ ) −1 is the energy scale of the fermionic non-zero modes (see Ref. [8] This integral can be estimated in the saddle point aproximation. Indeed, f i (n) have a well localized maximum at θ ∼ θ A , so √ −Gρ mn also has a maximum near this point. Using this fact and the normalization conditions (3.3) one finds
